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The Bell Test
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Alice

result A
setting X

Bob

result B
setting Y

p(a, b|x, y) = p(λ)  p(a|x, λ)  p(b|y, λ)∑
λ

Pr[A ⊕ B = X ⋅ Y ] ≤ 3/4



The Bell Test: device independence
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"Quantum correlations falsify the

hypothesis that, in any laboratory,

nature carries the answer to any

question which may be put there, and

answers without knowing which

questions are being put elsewhere."



Spontaneous correlations:

Independent of physical degrees of freedom,
apparatus, physical systems, laws, ...

p(a, b|x, y) ≠ p(λ)  p(a|x, λ)  p(b|y, λ)∑
λ



Applications: Cryptography
Self testing
Quantum key distribution
Randomness amplification





The Bell Test: polytope theory



p(a, b|x, y) = p(λ)  p(a|x, λ)  p(b|y, λ)∑
λ
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Geometric representation: convex polytope



vertex representation



halfspace representation



p(a, b|x, y) = p(λ)  p(a|x, λ)  p(b|y, λ)∑λ



p(a, b|x, y) = [a = (x, λ)]  [b = (y, λ)]fA fB



Full dimensional
Bell inequality is a facet (11-dimensional)



Outline
0. The Bell Test
1. The Möbius Test

2. Relativity



The Möbius Test



Observations at fixed spacetime coordinates



Observations obey partial order



Result  may depend on setting 
Result cannot depend on setting 

A3 X1

A1 X3
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A simple scenario

p( a | s, r, x )
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Two distinct party labels:  and 
A binary setting  by party (the "sender")

A binary result  by party (the "receiver")

p( a | s, r, x )

= p(σ)p(a|σ, s, r, x) + p(σ)p(a|σ, s, r∑
σ:s r≺σ

∑
σ:s r⊀σ

s r
x s

a r



Two distinct party labels:  and 
A binary setting  by party (the "sender")

A binary result  by party (the "receiver")

p( a | s, r, x )

= [s r][a = f(s, r, x)] + [s r][a = g(s, r)≺σ ⊀σ

s r
x s

a r
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(
p(0|A, B, 0), p(0|A, B, 1),
p(0|A, C, 0) p(0|A, C, 1)
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p(0|A, B, 0) ≠ p(1|A, B, 1) A B
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(
[A → B] ∈ {0, 1}
[A → C] ∈ {0, 1}
[B → A] ∈ {0, 1}
[B → C] ∈ {0, 1}
[C → A] ∈ {0, 1}
[C → B] ∈ {0, 1}

)
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Adjacency vector of a directed graph.

(
[A → B]
[A → C]
[B → A]
[B → C]
[C → A]
[C → B]

)
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Adjacency vector of a directed acyclic graph.

(
[A → B]
[A → C]
[B → A]
[B → C]
[C → A]
[C → B]

)





Projection:  dim. to  dim.2n(n − 1) n(n − 1)
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Projection:  dim. to  dim.
Extremal points correspond to DAGs
Some halfspaces known since 1985
Lifting theorem

2n(n − 1) n(n − 1)



The Möbius graph



The Möbius graph



The Möbius graph



The Möbius graph



The Möbius inequality



The Möbius inequality

Referee announces random arc s → r



xx

The Möbius inequality

... and announces random bit  to the "sender" x s



aa

The Möbius inequality

The parties win if the "receiver"  outputs r a = x



aa

The Möbius inequality

Pr[A = X] ≤ 1 − ≤
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Violation of the Möbius inequality ...

... proves incompatibility with partial order.



Relativity



The Möbius graph



Special relativity

Non-overlapping causal diamonds: No violation



AnC: , bit 
AnL: ; AncR: 

Collectors ensure that  is produced timely

AnCAnCAnLAnL AnRAnR

s → r xC

xL xR

s ∈ : x := ⊕SL xL xC

s ∈ : x := ⊕SR xR xC

a



General relativity
In principle a party in the common past of both

diamonds can manipulate the spacetime structure
of the future lightcone: violation.



Thank You
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